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0. Hadrons beyond qq, qqq

Gell-Mann (and Zweig’s) quarks, PL8, 214, 1964 

Exotics Conventional  
mesons, baryons
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for %' that has been derived by several authors'.

W&& (r) =v[(g I V I q'c"p (r))'j AvPgf.
yc are states of the target particles i, q, is the
ground state, u are states of the extra nucleon,
V is the nucleon-nucleus interaction Pi v(r -ri),
the integration is over target particles, [ ]Av
denotes average over product states q u of
angular momentum l near energy 8, anZp&& is
the density of such states. For N near 50 and
Z nonmagic, and an extra neutron, one expects
p@~ to have less than half the normal value.
Provided that the matrix elements do not vary
in a reciprocal fashion (and there is no reason
to expect such perverse behavior), W will be less
in proportion. Since the neutron orbit completing
N = 50 is a g-orbit, W(r) is expected to be some-
what peaked at the nuclear surface. For Z near
50, and N nonmagic, p&& should have about half
the usual value. There will also be surface peak-
ing especially if neutrons have begun to fill the
h-orbit.
To discuss the effect of such changes in S" on

the strength function, s, one may use'
s- %'r u x 'dr,

where u(r) is the nucleon wave-function in the
complex potential. Between single-particle levels
(i.e., near A-100 for s-waves), not only is s de-

creased by the reduction in R, but it is further
decreased if W is surface-peaked since u(r) has
a surface node. These two facts may thus ex-
plain the discrep'ancy in the observed values of
s near N, Z =50. Near the center of a single-
particle level, lu(r) ~'- W ' and s -W ', so s is
increased by a reduction in 8'. This leads one to
expect an especially large p-wave strength func-
tion near A -90 and may help to explain why the
capture cross section at 50 kev is so large in Nb. 4
One also expects a large s-wave strength func-
tion near A -50 caused by a reduction in 8' due to
magic number 28, and there is some weak evi-
dence for this. Furthermore the observed' dimi-
nution in the width of the yhotonuclear peak near
closed shells may be associated with a reduction
in 8'.
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POSSIBLE RESONANT STATE IN PION"HYPERON SCATTERING

R. H. Dalitz and S. F. Tuan
Enrico Fermi Institute for Nuclear Studies and Department of Physics,

University of Chicago, Chicago, Illinois
(Received April 27, 1959)

With charge independence, it is convenient to
describe the s-wave scattering processes of low-
energy K -yroton collisions by two complex scat-
tering lengths A, and A» one each for the I=O
and I=1 channels, related to the complex phase
shifts 51 by

Scot()I = 1jAI(k),
where 4 denotes the center-of-mass momentum
of the K -p system. Since the K -p interaction
is expected to have short range (-I/mKc), Jack-
son et al.' have suggested that it is reasonable
to neglect' the energy dependence of these ampli-
tudes for c.m. energies below - 50 Mev. On this
basis, an analysis' of the K -p interaction data
available from bubble-chamber investigations at

low energies' has led to the following four solu-
tions' for these amplitudes A and A, :

Ao =(0.20+0.78i) f, A, =(1.62+0.39i) f, (a+)

Ao =(1.88+0.82i) f, A, =(0.40+0.41i) f, (b+)

and the sets (a-), (b-) obtained from (a+), (b+)
by reversing the signs of the real parts of both
A~ and A,. As Jackson and Vfyld' have recently
pointed out, the "repulsive" interactions, that is
amplitudes of the type (a-) and (b-), predict the
lower elastic scattering cross sections at very
low energies, owing to their destructive inter-
ference with the Coulomb scattering, and are in
accord with the trend found for the cross sections
at the lowest energies in emulsion studies. ~ It

425

VOLUME 2, NUMBER 10 PHYSICAL REVIEW LETTERS Mwv 15, 1959

wil1. be pointed out here that this situation makes
it quite probable that there shouM exist a reson-
ant state for pion-hyperon scattering at an en-
ergy of about 20 Mev below the K -p (c.m. }thres-
hold energy. In the present discussion, charge-
dependent refinements due to the Coulomb inter-
action and the K -K' mass difference will be
neglected.
With Eq. (1), the K N-scattering amplitude for

the s-wave of isotopic spin I takes the form
(KNI T IKN) =(aI+bI)/{I k(aI+ bI)) (2)

where aI+ibI=AI and the total c.m. energy F.
equals (m +mK)(1+km/2mpmK). In the neighbor-
hood of the threshold E, =m&+~K, expression (2)
may be analytically continued as a function of E
from the real axis F.&8, into the upper half of
the complex E-plane and thus onto the real axis
8 Z, . If ar is large and negative, expression
(2) has a pole P in this neighborhood, corre-
sponding to k = -i/(al+ ibi). This pole lies close
to the real axis E &E„but on the (unphysical)
lower half-plane reached by analytic continuation
from the upper half-plane across the cut which
must exist between E =E, =m +mK and the w -Z
threshold E =mZ+mz. With solution (a-), this
particular pole occurs in the T =1 amplitude;
with solution (b-), it occurs in the T =0 amplitude.
As pointed out earlier, ' this pole leads to a res-
onance-like energy dependence of Im(K P I T IK P)
in the unphysical region 8 &8, of interest for
K-meson dispersion relations, with peak at c.m.
momentum ik =ai/(ai'+br'). The effect of this
pole on the pion-hyperon scattering in this energy
region has now been investigated. For simplicity,
our remarks here will be confined to the T =0
state [relevant for the amplitude (b-)], since this
concerns only the z - Z system. For the T = 1
state [relevant for the amplitude (a-)], the situ-
ation is quite similar, although complicated by
the participation of both z - A and m —Z systems
in general.
The amplitude for 7t - Z scattering is related to

the K -p amplitude through the unitarity condi-
tion. This relationship may be made explicit by
expressing each in terms of the K-matrix. s For
T =0 and 8&E„ the K-matrix has three real
elements, 9 n =(KNIKIKN), p =(KN IKlvZ), and
y =(wZ IKlwZ). The amplitude A(k) is expressible
in terms of these parameters as follows:

A(k) =a+ib = -n+i(q/E)P /{I+i(q/E)y], (3}
where q denotes the c.m. momentum of the g - Z

system at energy E. For s-wave interactions, '
the assumption that n, P, and y are energy inde-
pendent is appropriate in the neighborhood of
F. =E,. This is equivalent to the zero-range ap-
proximation of Jackson et al. ,' i.e., to the assump-
tion of a constant amplitude A, provided the var-
iation of q/E is also neglected, a reasonable
approximation sufficiently close to 8 =F, After
identifying A with the expression (3) at E =E„ it
is convenient to choose for the remaining param-
eter the g - Z scattering phase shift o, at this
threshold energy. The g - Z scattering phase
shift o Z at energy E is then given by

q 1 1+ikX (-a-b tano, )—coto =-cote,
q, Z X ' 1+ikX(-a+b coto, )

where q, corresponds to the threshold energy
Eo, and X =Eo/E will henceforth be replaced by
unity.
For comparison with the expression (2), the

further approximation (q/q, ) -1 leads from Eq. (4)
to the following expression for the g - Z scatter-
ing amplitude,

(1 - ik&}sin&, + ikbcosu, i o,
1 ik(a-+ ib)

This expression (5) also has a pole at k = -i/(a+ib).
The expressions which correspond to (3) and (5)
without these approximations similarly have a
complex pole in common.
To indicate the energy dependence of o Z for

E&E„Eq. (4) may be written"

(q/q, ) I+ cotaZ =cot(cx, -8}, (6)
where 8 is the angle

e=g-y=arg( . -kf -arg(a+ib ] ~a+ ib) '

shown in Fig. 1. When a is large and negative,
the pole P lies close to (and to the left of) the
positive imaginary k-axis. As 0 runs from 0 up
the imaginary axis past P, the angle 8 increases
rapidly from zero to large values (at most 180').
If b/a«l and -90'& go «0' (or 90' ~ so-180'),
then o Z will definitely pass through +90 between
energies E, and E,[1 - I/(2a'm mK)], an energy
range over which the zero-range approximation
appears well justified. However, the energy at
which o Z =+90' does not generally coincide with
the peak of Im(KN I T IKN); in fact, if oo is posi-
tive and a little below 90, it is quite possible
that 0 Z does not take the value +90 within the
energy range for which the zero-range approxi-

Dalitz and Tuan in 1959

• as the first candidate beyond the standard quark model 
baryon qqq ~ Molecule of K(qq)N(qqq)

Strong attraction as in Oka’s talk today

• as a doorway states to dense hyperon (strange) matter ~ 
neutron stars
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Chiral interaction for MB 
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4.2. Formulation of chiral unitary model

The N/D method has been applied to coupled channel meson-baryon scattering with chiral
interactions [511, 512]. It was found that the final form of the T-matrix obtained in the N/D
method is essentially equivalent to the result given in Ref. [5] derived from the BS equation
with on-shell factorization.

4.2.1 Kernel interaction

The chiral Lagrangian for baryons [48, 40, 513, 514] in the lowest-order of the chiral expansion
is given by A)

LB
1 = Tr

(
B̄(i/D −M0)B −D(B̄γµγ5{Aµ, B})− F (B̄γµγ5[Aµ, B])

)
. (4.2.1)

Here D and F are coupling constants. In Eq. (4.2.1), the covariant derivative Dµ, the vector
current Vµ, the axial vector current Aµ and the chiral field ξ are defined by

DµB =∂µB + i[Vµ, B],

Vµ =− i

2
(ξ†∂µξ + ξ∂µξ

†),

Aµ =− i

2
(ξ†∂µξ − ξ∂µξ

†),

ξ(Φ) = exp{iΦ/
√

2f},

where f is the meson decay constant. The meson and baryon fields are expressed in SU(3)
matrix form as

B =

⎛

⎜⎝

1√
2
Σ0+ 1√

6
Λ Σ+ p

Σ− − 1√
2
Σ0+ 1√

6
Λ n

Ξ− Ξ0 − 2√
6
Λ

⎞

⎟⎠ ,

Φ =

⎛

⎜⎝

1√
2
π0+ 1√

6
η π+ K+

π− − 1√
2
π0+ 1√

6
η K0

K− K̄0 − 2√
6
η

⎞

⎟⎠ .

In the Lagrangian (4.2.1), M0 denotes the common mass of the octet baryons. However, we
use the observed values of the baryon masses for the baryon propagator in the following cal-
culations. The mass splitting among the octet baryons in the Lagrangian level are introduced
consistently with the SU(3) breaking terms in section 4.5.

The s-wave interactions at tree level come from the Weinberg-Tomozawa (WT) interac-
tion [515, 516], which can be found in the vector coupling term in the covariant derivative,
by expanding chiral field ξ:

LWT = Tr
(
B̄iγµ 1

4f2

[
(Φ∂µΦ− ∂µΦΦ), B

])
.

A)We summarize the notation of chiral Lagrangians and and relation to other conventions in Appendix B.
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→ B̄γμB × ϕ∂μϕ
Point-like

+ + • • •

The loop diverges → Regularized by cutoff or subtraction constant

~ δ-function attractive potential in 3-dim is unstable

•

• • •



Alternatives with hadron structure?
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• with  
extended structure

The Skyrme model is a unified model for mesons and baryons 
based on 
• Meson theory with baryons as solitons 
• Expected in the large Nc limit 
• Chiral symmetry incorporated
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2. Kaons in the Skyrme model
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Nucl. Phys. 31, 556 (1962) 
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2. Kaons in the Skyrme model
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• Effective theory of QCD in the large Nc with chiral symmetry 
• Baryons emerge as topological solitons 
• Strong spin-isospin correlation forms the hedgehog 
• Nucleons as rotating hedgehogs

U(x) = exp (iλaϕa(x)/fπ) ∈ SU(3)

ℒ =
f 2
π

4
tr ∂μU∂μU† +

1
32e2

tr [∂μUU†, ∂νUU†]2 + LSB + LWZW

Lagrangian with the WZW term



研究会「量子クラスターで読み解く物質の階層構造 」 !14

Physical Review
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Meson and baryon systems
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1/Nc expansion

Nc
+1:  Baryons as pionic solitons 

            Strong spin (J) and isospin (I) coupling,  
            K = J + I is conserved → Hedgehog 
Nc

0:    Meson fluctuations 
Nc

–1:  Rotating hedgehog for nucleons

~ 1 GeV 

~ hundred MeV 

   hundred MeV<~

Erot =
J(J + 1)

2ℐ
→ { MN − MH ∼ 75 MeV

MΔ − MN ∼ 300 MeV

1

2
3
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B O U N D - S T A T E  A P P R O A C H  T O  S T R A N G E N E S S  IN 
T H E  S K Y R M E  M O D E L *  

C.G. CALLAN and I. KLEBANOV 

Joseph Hen~_, Laboratories, Princeton Universi(v, Princeton, NJ 08544 USA 

Received 19 June 1985 

We show that baryons carrying heavy flavors, such as strangeness and charm, can be 
described by bound states of the corresponding heavy mesons in the background field of the basic 
SU(2) skyrmion. This method is quantitatively successful to O(N~ ~), in the sense of the large-N c 
expansion, but at O(1/N,.) it experiences problems associated with our lack of knowledge of 
higher-derivative terms in the Skyrme action. We derive a model-independent mass relation for 
strange baryons which is in excellent agreement with experiment. 

1. Introduction 

Al though  the Skyrme soliton approach to low-energy hadron physics works very 
well in describing non-strange baryons [1], at tempts to apply it to strange, or heavier, 
ba ryons  run into some difficulties [2-4]. The problem is that flavor quan tum 
numbers  are usually associated with collective coordinate rotations of  the soliton, 
while the collective coordinates themselves arise f rom unbroken flavor symmetries. 
W h e n  the relevant flavor symmetries are broken badly enough, the rotator  treatment 
fails and some other dynamics must  be found to describe the heavy flavors. Since 
f lavor SU(3) is not  too badly broken, this problem may perhaps be circumvented for 
strangeness, but  it is unavoidable for heavy flavors, like charm, for which there is not 
even an approximate  associated rotator  coordinate. 

The  large-N~, limit of QCD,  to which the Skyrme model is just an approximation,  
gives a clear suggestion on how to incorporate  heavy flavors. The large-N c lagrangian 
actual ly contains  only meson fields, with baryon number  arising from topological 
propert ies  of  those meson fields which live on a compact  manifold [5] (typically the 
Golds tone  pions of  unbroken S U ( 2 ) x  SU(2)). Heavy-f lavor quan tum numbers  are 
s imply carried directly by the appropriate  non-topological  heavy mesons such as K's, 
D ' s  and F's.  The basic baryon  is a topological soliton mainly built out of  the 
Go lds tone  pions. The simplest way for it to carry strangeness, etc., is for the baryon 
soli ton to b ind a meson carrying the appropriate  quan tum number.  Whether  or not, 

* Supported in part by DOE grant DE-AC02-76ER03072. 
365 

366 C.G. Callan, L Klebanou / Skyrme model 

and for what quantum number channels, this happens depends on the pion-heavy 
meson interactions implied by the details of the large-N c lagrangian. 

In this paper  we will show that the above "bound-s ta te"  picture of flavor works 
quite well in describing strange baryons. The crucial point is that since strangeness is 
not too badly broken, we can plausibly use SU(3) symmetry to determine the 
kaon-pion couplings from the known pion-pion couplings. The question of the 
possible existence of kaon bound states in the background field of a skyrmion can 
then be studied in detail. We find that the requisite bound states exist in precisely 
those channels needed to reproduce the quark model quantum numbers of strange 
baryons. As a consistency check, we show that as the kaon mass (the SU(3) 
symmetry-breaking parameter) goes to zero, the bound state goes smoothly into a 
zero-energy state which can be identified with the SU(3) collective coordinate zero 
mode. 

Upon  collective coordinate quantization, the kaon bound state carries spin ½ and 
no isospin. These are precisely the quantum numbers of the strange quark. Thus, in 
the quark model language, we have added a heavy quark to (No - 1) light quarks 
described by the soliton. The bound-state mode tells us the distribution of strange- 
ness. It is the analog of the heavy-quark wave function in the non-relativistic quark 
model. 

In calculating baryon masses to O(N ° )  we ignore the rotation of the skyrmion, 
whose angular velocity is O(1/Nc). To this order we compute the binding energy of 
the meson-skyrmion system, as well as the splitting, arising from the Wess-Zumino 
term, between normal (quark model) and exotic baryons. Both of these quantities 
come out in good agreement with experiment. As we turn to O(1/N~) corrections, 
which are crucial for the baryon spectroscopy, we find that they are also easy to 
calculate in our treatment. In the quark model, the O(1/N~) contributions to baryon 
masses are produced by spin-spin interactions. The mass formulae we derive are in 
qualitative agreement with quark model expectations. We also derive one "model-  
independent" relation between baryon masses which depends solely on our collective 
coordinate quantization scheme, but is independent of the detailed form of the 
action. This relation between strange baryon masses holds to 3% - a n  accuracy 
comparable  to that of the model-independent relations for non-strange baryons 
found by other authors [1]. 

The coefficients in our mass formulae depend on what terms are used to stabilize 
the skyrmion. We find that, with the Skyrme term alone, the sign of the spin-spin 
interaction between a heavy and a light quark comes out wrong. We argue that, with 
the addition of a suitable set of higher-derivative terms in the Skyrme lagrangian, 
this quantity can easily be arranged to have the right sign. The point is that O(1/N~) 
corrections to strange baryon masses appear to be very sensitive to the detailed 
higher-derivative structure of the action, about which, unfortunately, very little is 
now known. This problem, which is quite apparent in our calculation, was not as 
obvious in the rotator treatment of SU(3) skyrmions, where the quark masses could 
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higher-derivative terms in the Skyrme action. We derive a model-independent mass relation for 
strange baryons which is in excellent agreement with experiment. 

1. Introduction 

Al though  the Skyrme soliton approach to low-energy hadron physics works very 
well in describing non-strange baryons [1], at tempts to apply it to strange, or heavier, 
ba ryons  run into some difficulties [2-4]. The problem is that flavor quan tum 
numbers  are usually associated with collective coordinate rotations of  the soliton, 
while the collective coordinates themselves arise f rom unbroken flavor symmetries. 
W h e n  the relevant flavor symmetries are broken badly enough, the rotator  treatment 
fails and some other dynamics must  be found to describe the heavy flavors. Since 
f lavor SU(3) is not  too badly broken, this problem may perhaps be circumvented for 
strangeness, but  it is unavoidable for heavy flavors, like charm, for which there is not 
even an approximate  associated rotator  coordinate. 

The  large-N~, limit of QCD,  to which the Skyrme model is just an approximation,  
gives a clear suggestion on how to incorporate  heavy flavors. The large-N c lagrangian 
actual ly contains  only meson fields, with baryon number  arising from topological 
propert ies  of  those meson fields which live on a compact  manifold [5] (typically the 
Golds tone  pions of  unbroken S U ( 2 ) x  SU(2)). Heavy-f lavor quan tum numbers  are 
s imply carried directly by the appropriate  non-topological  heavy mesons such as K's, 
D ' s  and F's.  The basic baryon  is a topological soliton mainly built out of  the 
Go lds tone  pions. The simplest way for it to carry strangeness, etc., is for the baryon 
soli ton to b ind a meson carrying the appropriate  quan tum number.  Whether  or not, 
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Callan-Klebanov for KN bound states

Nc
+1:  Baryons as hedgehog solitons 

Nc
0:    “Kaon” bound to the Hedgehog ~ KH 

Nc
–1:  Rotating KH for hyperons

Esol~ 1 GeV1
2
3

Uπ = (exp[i ⃗τ ⋅ ̂r F(r)] 0
0 1)
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3. One nucleon solution in the hedgehog Ansatz 
π has three degrees of freedom(π0, π+, π-) 
・two of these: the angles of the radial vector, θ, φ 
・the rest: a function depending on r 
⇒ a special configuration called the hedgehog Ansatz

Hedgehog ansatz:UH = exp [i⌧ · r̂F (r)]

minimize the mass of the soliton 
with B.C.: F(∞) = 0, F(0) = π

F⇡ [MeV] e eF⇡ [MeV]
Set A 205 4.67 957
Set B 186 4.82 897
Set C 129 5.45 703
Set C: G. S. Adkins et al., Nucl. Phys. B 228, 552 (1983).

The Skyrme model 2
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The Skyrme model 2

Soliton energy ~ 1 GeV 
Baryon number list. ~ 0.5 fm
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Callan-Klebanov for KN bound states

Nc
+1:  Baryons as hedgehog solitons 

Nc
0:    “Kaon” bound to the Hedgehog ~ KH 

Nc
–1:  Rotating KH for hyperons

Esol~ 1 GeV 
EB ~ 300 MeV 
Erot ~ 50 MeV

1
2
3

Uπ = (exp[i ⃗τ ⋅ ̂r F(r)] 0
0 1)

Kaon bound state 
Distribution ~ 0.5 fm;  Tightly bound 
Rotation provides hyperon masses

C. Comparisons with the Callan-Klebanov approach

In this subsection, we compare our results with those of
Callan-Klevanov (CK). In their approach for the hedgehog
kaon system, the lowest bound state appears in the p-wave
rather than s-wave with a strong binding energy of order
hundred MeV [18,19,33]. We show the some results for
parameter set 3 in Table II, where l is the kaon orbital
angular momentum and leff is the effective angular momen-
tum defined by [18,19]

leffðleff þ 1Þ ¼ lðl þ 1Þ þ 4I · L þ 2: ð34Þ

The p-wave bound state corresponds to Λð1116Þ and the
s-wave to Λð1405Þ in the CK approach [18,19,34]. From
Table II, we find that the kaon radii, hr2Ki1=2, are about 0.5 fm
for the p-wave and 0.9 fm for the s-wave in the CK approach
[35],which are substantially smaller than those of our present
approach. These results for small radii seem consistent with
their interpretation of the kaon hedgehog system as the
strange quark and diquark system for hyperons.
In Fig. 3, we show the potentials for the s- and p-wave

bound states in the CK approach, which are defined
similarly to the one of Eq. (30). For p-wave, the potential
has a strong attraction at the origin. This causes the strong
bound state as the ground state in the p-wave. For s-wave,
we see a repulsive component toward the origin. This is
caused by the centrifugal-like component due to the
effective angular momentum leff . A similar structure is
seen in our potential in Fig. 2. We consider that the
presence of the centrifugal-like potential in the CK
approach is related to the presence of the repulsive core
in our approach.

IV. SUMMARY

In this paper, we have constructed a new method for the
study of kaon-nucleon systems and their interactions in the
Skyrme model based on the bound state approach which
Callan and Klebanov proposed [18,19]. In our approach,

we first quantize the hedgehog ansatz to generate the
physical nucleon and introduce kaon fluctuations around
it. This is the different point from the Callan-Klebanov
approach, where they first introduce the kaon fluctuations
around the hedgehog, and then the kaon-hedgehog system
is quantized for hyperons. In Ref. [26], the kaon vacuum
fluctuations were also taken into account. Although our
method does not obey 1=Nc expansion systematically, we
consider it suitable for a kaon bound system of small
binding energy of order 10 MeV or less.
As a general structure of interaction between isoscalar-

pseudoscalar kaon and isospinor-spinor nucleon, the
obtained potential contains central and spin-orbit terms
with and without isospin dependence. A nontrivial finding
is that there is either repulsion or attraction proportional
to 1=r2 for small r, depending on the kaon partial wave.
For l ¼ 0, the resulting potential turns out to contain the
short range repulsion and the middle range attraction.
Consequently, the kaon bound states obtain a weak binding
energy. The presence of the repulsion should have an
influence for the properties of high density kaonic nuclear
matter. When 1=r2 term gives an attraction (I ¼ 0, l ¼ 1, 2,
3, 4, J total ¼ l − 1=2), the system becomes unstable. The
present method, however, should not be applied to such a
situation, where we need more microscopic approach.
In the present paper, we have focused our discussion on

possible bound states. An extension to continuum states for
kaon nucleon scattering is rather straightforward. There are
several works which investigate pion scatterings from the
Skyrmion [36–40]. There pion fluctuations were intro-
duced around the hedgehog soliton which corresponds to
the CK method. We plan to study scattering states from
lower to higher partial waves. So far we have considered
only kaon-nucleon channel, but it is well known that πΣ
channel is also important especially for the discussion of
Λð1405Þ. It is another interesting extension of the present
study, which we hope to report elsewhere.
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APPENDIX DERIVATION OF THE POTENTIAL

In this appendix, we show an outline to derive the
potential Eq. (17). Substituting our ansatz Eq. (11) for the
Lagrangian Eq. (1), and expanding it up to second order of
the kaon fields, we obtain the following Lagrangian,

L ¼ LSUð2Þ þ LKN; ðA1Þ

where

LSUð2Þ ¼
1

16
Fπ

2tr½∂μ
~U†∂μ ~U& þ 1

32e2
tr½∂μ

~U ~U†; ∂ν
~U ~U†&2;

ðA2Þ
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FIG. 3. The K̄N potentials obtained from the CK approach.
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EB ~ 300 MeV 
for Λ, Σ, …

UCK = A(t) UπUK Uπ A(t)†

UK = exp
i
fπ

0 2K

2K† 0
, K = (K+

K0)
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Callan-Klebanov for KN bound states

H ~ 1 GeV

K+H =threshold

Bound KH

500 MeV ~ 300 MeV

~ 50 MeV
Λ, Σ, …

K
H

Hyperons as 
rotating [hedgehog and “kaon”] 

Esol > EB > ErotVariation before projection

Nc
+1:  Baryons as hedgehog solitons 

Nc
0:    “Kaon” bound to the Hedgehog ~ KH 

Nc
–1:  Rotating KH for hyperons

Esol~ 1 GeV 
EB ~ 300 MeV 
Erot ~ 50 MeV
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The kaon around the hedgehog has good K = J + I 
After rotation,  
     Kaon acquires spin and behaves as a strange quark 
     Rotating hedgehog behaves as a diquark

Hyperons as 
rotating [hedgehog and “kaon”] 

Interpretation after projection

We would like to have a method to look at the physical kaon and 
nucleon
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H

500 MeV

~ 20 MeV
Λ(1405)

N
~ 75 MeV

Esol > EB > Erot

N
K Rotating hedgehog behaves as nucleon 

Kaon behaves as physical kaon

Λ(1405) as [rotating hedgehog] and kaon

!21

T. Ezoe and A. Hosaka, Phys. Rev. D 94, no. 3, 034022 (2016).  
T. Ezoe and A. Hosaka, Phys. Rev. D 96, no. 5, 054002 (2017). 

Esol > Erot > EB
Variation after projection
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Rotating hedgehog and Kaon 
L(U →A

√
UπA

†UKA
√
UπA

†)

Uπ = (exp[i ⃗τ ⋅ ̂r F(r)] 0
0 1) UK = exp

i
fπ

0 2K

2K† 0
, K = (K+

K0)

UCK = A(t) UπKK Uπ A(t)†cf: 
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Rotating hedgehog and Kaon 
L(U →A

√
UπA

†UKA
√
UπA

†)
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Obtained Lagrangian
L = LSU(2) + LKN

Ũ = A(t)UHA†(t), ⇠̃ = A(t)
p
UHA†(t) DµK = @µK + vµK

vµ =
1

2

⇣
⇠̃†@µ⇠̃ + ⇠̃@µ⇠̃

†
⌘

aµ =
1

2

⇣
⇠̃†@µ⇠̃ � ⇠̃@µ⇠̃

†
⌘

G. S. Adkins, C. R. Nappi and E. Witten, 
Nucl. Phys. B 228 (1983) 

LSU(2) =
1

16
F⇡

2tr
h
@µŨ

†@µŨ
i
+

1

32e2
tr
h
@µŨ Ũ†, @⌫Ũ Ũ†

i2

LKN = (DµK)† DµK �K†a†µa
µK �m2

KK†K

+
1

(eF⇡)2

⇢
�K†Ktr

h
@µŨ Ũ†, @⌫Ũ Ũ†

i2
� 2 (DµK)† D⌫Ktr (aµa⌫)

�1

2
(DµK)† DµKtr

⇣
@⌫Ũ

†@⌫Ũ
⌘
+ 6 (D⌫K)† [a⌫ , aµ]DµK

�

+
3i

F 2
⇡

Bµ
h
(DµK)† K �K† (DµK)

i

Bµ = �"µ⌫↵�

24⇡2
tr
h⇣

Ũ †@⌫Ũ
⌘⇣

Ũ†@↵Ũ
⌘⇣

Ũ†@�Ũ
⌘i

Uπ = (exp[i ⃗τ ⋅ ̂r F(r)] 0
0 1) UK = exp

i
fπ

0 2K

2K† 0
, K = (K+

K0)

ℒKN = ∂μK†∂μK − m2
KK†K − 2mKK†V( ⃗x )K

UCK = A(t) UπKK Uπ A(t)†cf: 
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3. Potentials, bound states, phaseshifts
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3. Potentials, bound states, phaseshifts

U( ⃗x ) = Uc
0(r) + Uτ

0 ⃗τK ⋅ ⃗τN + (ULS
0 (r) + ULS

τ (r) ⃗τK ⋅ ⃗τN)
• Contains central and LS, isospin dep. and indep. 
    → State-dependent  
• Non-local, energy dependent  
• For S-wave Kbar-N: 
     Middle range attraction and short range repulsion 
     Attraction from ω, Repulsion ~ p-wave like hedgehog             
     Attraction:  (I = 0) > (I = 1) 
     Accommodates a weakly bound Kaon in I = 0 
• For S-wave K-N: 
     Weakly repulsive foer I = 0, 1

⃗π ( ⃗x ) = ̂rF(r)
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U(r)

From Fig. 12, we see that the behaviors of the potentials
for the s wave (1=2−) and p wave (3=2þ) are different; an
attractive pocket vanishes for the p wave. This is due to the
strong repulsion of the LS and centrifugal components
from the normal term.
So far we have seen that the fitting of the potential works

well, particularly for the local terms,while that for thenonlocal
terms is not always the case as Fig. 11 shows. The nonlocal
terms induce also energy dependence. To see this point, we
check how the phase shifts are reproduced by the fitted
potential as functions of thekinetic energy. InFig. 13,wehave
compared the phase shifts calculated by the numerically
obtained and fitted potentials. In the low energy region
ðε≲ 50 MeVÞ, where we consider that our approach works
well, the two phase shifts agree well. Contrary, as the kinetic
energy is getting larger, the difference of the phase shifts
becomes larger, which is due to the nonlocal contributions.
Therefore, our fitted potential can be used for practical
calculations for low energy (anti)kaon and nucleon systems.

C. Scaling rules

So far, we have performed the potential fitting for the
parameter set A. In this subsection, we consider it for the
sets B and C by using the scaling property of the Skyrmion.
In this way, various properties of the interaction will be
better understood. First, we briefly review the scaling rule
in the Skyrme model and then show the scaling rules for the

fitting parameters. Finally, we compare the numerically
obtained potential and fitted one from the parameter set A
by the scaling rules.
The Skyrme model of a massless pion has one dimen-

sionful parameter, Fπ , and one coupling constant, e. These
are scaled out by introducing the standard unit, where
length is expressed by

y¼ eFπr: ð31Þ

By using this, soliton profiles for various Fπ and e are
related by a simple scale transformation to each other.
In Fig. 14, we show the soliton profiles as functions of the
physical radial distance r for the three parameter sets A, B,
and C, which are obtained from the standard profile
function with the scaling rule Eq. (31). From Fig. 14,
we find that the profile function for the set C is most
extended among the three parameter sets; soliton size is
inversely proportional to eFπ .
Having established the scaling rule for the soliton profile,

let us investigate possible scaling rules for the antikaon
nucleon potential. First, let us look at the relations among
the parameter sets A, B, and C, and then we will discuss
general cases.
As expected from a dimensional argument, it is shown

that the range parameters for the parameter sets A and B,
for instance, are related by
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FIG. 12. Total potentials for the K̄NðJ P ¼ 1=2−; I ¼ 0Þ channel obtained from the bound state (left) and those for the
K̄NðJ P ¼ 3=2þ; I ¼ 0Þ channel from a scattering state (right).
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FIG. 13. The phase shifts for the K̄NðJ P ¼ 1=2−; I ¼ 0Þ
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EB ~ 20 MeV

Wave function 

Attractive pocket  
due to ω exchange

Repulsion of ~ 1/r2

Potential and bound state for Λ(1405)
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Result 2: KN (JP = 1/2-, I = 0) Bound state
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r2N
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=

Z 1

0
dr r2⇢B (r) , ⇢B (r) = � 2

⇡
sin2 FF 0 G. S. Adkins, C. R. Nappi and E. Witten,  

Nucl. Phys. B 228 (1983)
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⇥
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0
0 (r)

⇤2
=

Z 1
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dr r4k2 (r) Y00 =
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4⇡

・Parameter sets and bound state properties

Repulsive core

Attractive pocket

mK = 495 MeV mK = 495 MeV

F⇡ [MeV] e B.E. [MeV]
p

hr2N i [fm]
p

hr2Ki [fm]
Parameter set A 205 4.67 19.9 0.43 1.30
Parameter set B 186 4.82 32.2 0.46 1.15
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Phase shifts, JP = 1/2–

K̄NðJ P ¼ 1=2−; I ¼ 0Þ channel in Fig. 2. In this figure, we
can find that the attraction between the antikaon and the
nucleon becomes stronger in the order of the set A, B, and
C, which is consistent with the properties of the K̄N bound
states shown in Table. I.
Next, in Fig. 3, we have shown the phase shifts for p

waves, first for J P ¼ 3=2þ channels. In both sets A and B,
the phase shifts show the attractive and repulsive behaviors
for the K̄N and KN channels, respectively. However,
the strength of them are weaker than those of the s wave.

The phase shifts in the K̄N channels show that the I ¼ 1
channel is more attractive than the I ¼ 0 one due to the
stronger isospin-dependent LS force in the I ¼ 1 channel.
For the other LS partner of J P ¼ 1=2þ channel, the

interaction shows a strong attraction as proportional to
1=r2. Because of this, the system becomes unstable
and physically meaningful solutions are not allowed.
We consider that it is related to the hedgehog structure,
but the physical meaning is not yet clarified.
Finally, let us evaluate the scattering length, a, for the

K̄NðJ P ¼ 1=2−Þ scattering state, which is defined by

a ¼ −lim
k→0

tan δðkÞ
k

; ð15Þ

where k is the wave number and δðkÞ is the phase shift.
From this equation, we have obtained a0 ¼ 1.56 fm and
a1 ¼ −3.38 fm for the K̄N scattering with isospin 0 and 1
channels, respectively, for the set A. As a result, we have
aK̄N ¼ −0.91 fm as the K̄N scattering length with the
parameter set A.
For the set B, we have obtained a0 ¼ 1.32 fm and

a1 ¼ 8.22 fm for the K̄NðI ¼ 0; 1Þ scatterings. We find
that a0 for the set A is longer than that for the set B, while
a1 changes its sign and the absolute value of it is shorter for
the set A than for the set B. This is because the attraction

FIG. 1. Phase shifts for the (anti)kaon-nucleon scattering state with J P ¼ 1=2− for the parameter sets A (left) and B (right).
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FIG. 2. The phase shifts for the K̄NðJ P ¼ 1=2−; I ¼ 0Þ channel
with the three parameter sets A, B, and C.

FIG. 3. Phase shifts for the (anti)kaon-nucleon scattering state with J P ¼ 3=2þ for the parameter sets A (left) and B (right).
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結果1 Phase shift (L = 0, JP = 1/2-)
Parameter set A: mK = 495 MeV, Fπ = 205 MeV, e = 4.67

Binding energy = 20.6 MeV
_
_

a0 = �0.03 fm

a1 = �0.46 fm

Scattering length (KN channel) 

Scattering length (KN channel) 
_

a0 = �1.56 fm

a1 = 3.38 fm

aK̄N =
1

2
(a0 + a1) = 0.91 fm

cf) KN channel 
a0 = 0.00 fm 
a1 = -0.33 fm 
(J. S. Hyslop et al., Phys. Rev. D, 46, 961 (1992).)

cf) KN channel 
a0 = -1.81 +  i 0.92 fm 
a1 = 0.48 + i 0.87 fm 
(M. Mai and U. G. Meißner, [arXiv:1202.2030 [nucl-th]].)

_
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Scattering length (KN channel) 

Scattering length (KN channel) 
_

a0 = �1.56 fm

a1 = 3.38 fm

aK̄N =
1

2
(a0 + a1) = 0.91 fm

cf) KN channel 
a0 = 0.00 fm 
a1 = -0.33 fm 
(J. S. Hyslop et al., Phys. Rev. D, 46, 961 (1992).)

cf) KN channel 
a0 = -1.81 +  i 0.92 fm 
a1 = 0.48 + i 0.87 fm 
(M. Mai and U. G. Meißner, [arXiv:1202.2030 [nucl-th]].)

_
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4. Coupling Λ(1405) → πΣ

!28
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4. Coupling Λ(1405) → πΣ

!29

Λ(1405)
π

Σ

ℒ = ∂μπ Jμ
5

Λ(1405) Σ
K

N
“K”

H

π

⟨Σ |Jμ
5 |Λ(1405)⟩ ∼ ⟨{K̄}H |Jμ

5 | K̄N⟩

⟨Σ |Jμ
5 |Λ(1405)⟩ ∼ ψ̄Σ γμ ψΛ(1405)

→ ψ̄Σ γ0 ψΛ(1405)

In the non-relativistic limit,  
the leading contribution is 

as a Feshbach resonance of KbarN → πΣ



 Tashkent workshop, Nov 5-10, 2018

Axial current

!30
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Axial current and matrix element

: 2×2 matrixŨ = A (t)UHA† (t) , ⇠̃ = A (t)
p
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2. Leading components for the axial current
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Ũ†

o

+R̃i

n
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Wave functions
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|Λ(1405)⟩ = | [K̄I=1/2NI=1/2]I=0⟩ =
1
2

|p↑K−⟩ +
1
2

|n↑K̄0⟩

|Σ⟩ = | [dJ=1sJ=1/2]J=1/2⟩ =
2
3

|d+1 s↓⟩ +
1
3

|d0 s↑⟩
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Axial current and matrix element
5. Nucleon and di-quark states in the isospin space

・Nucleon (I = J = 1/2)[3] ・Di-quark (I= J = 1)

i = 1, 2, 3,
3X

µ=0

aµ
2 = 1

A = a0 + i⌧iai

= i⇡
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� |n "i � |n #i
|p "i |p #i
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|p "i =
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|n "i =
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⇡
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⇡
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r
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�
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p
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(a1 + ia2) (a0 + ia3)

[3] G. S. Adkins, C. R. Nappi and E. Witten, Nucl. Phys.  B 228, 552 (1983).

・Isospin rotator A(t)
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Decay of Λ(1405)
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When writing

ℒeff = gΛ*Σπ ψ̄Σ ψΛ(1405) π

ΓΛ*→πΣ =
1

2π
EΣ + MΣ

2MΛ(1405)
|gΛ*Σπ |2

Numerical calculation is going ~ few MeV ~ Narrow
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5. Summary
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• Skyrme model can describe the basic features of 
K(bar)N systems 

• S-wave Kbar-N potential has an attractive pocket and 
repulsion 

• It allows a shallow bound state of Kbar-N 
• It may provide Λ(1405) as a Feshbach resonance 

decaying into πΣ


