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Instantons

I In Euclidean space, a large fluctuation of the gluon field
corresponding to quantum tunneling from one
vacuum(minimum of the potential energy) to the neighbour
one

I The solution of the duality equation

F a
µν = ±F̃ a

µν , Aa
µ(x) =

2η̄µνaρ2

x2(x2 + ρ2)

I Action density S = 8π2

g2 |Q|
I Q = 1 – instanton,

Q = −1 – anti-instanton



Instanton collective coordinates

I Instantons in SU(Nc) theory can be obtained embedding the
SU(2) solution

(Aµ)SU(Nc ),standard =

(
(Aµ)SU(2),standard 0

0 0

)

I 4(centre) + 1(size) + (4Nc − 5)(orientations) = 4Nc

I Instanton field with arbitrary center zµ, size ρ and colour
orientation U in the SU(Nc) gauge group

Aµ = Aa
µt

a =
−iρ2U[σ−µ (x − z)+ − (x − z)µ]U†

(x − z)2[ρ2 + (x − z)2]
,

or as

Aa
µ =

2ρ2Oabη̄µνb(x − z)µ
(x − z)2[ρ2 + (x − z)2]

,

Oab = Tr(U†taUσb), OabOac = δbc .



Instanton Liquid Model

I Instanton liquid characterized by two main parameters:
Average instanton size – ρ = 1

3 fm
Inter instanton distance – R = 1 fm

I Why liquid?
I Only a few percent of space occupied by instantons

ρ4/R4 ' 0.012

I The fields inside the instanton are very strong Gµν >> Λ2.

S0 = 8π2/g2 ∼ 10− 15 >> 1.

I Instantons retain their individuality and are not destroyed by
interactions.

|δSint | ∼ (2− 3) << S0.

I Nevertheless, interactions are important for the structure of
the instanton ensemble, since

exp |δSint | ∼ 20 >> 1.



The potential from Wilson Loop

I The QQ̄ state at time t is represented as

|Q(t,~0)Q̄(t, ~r)〉 =
∑

C

f (C )Γ[(t, ~r), (t,~0);C ]|0〉

Gauge invariant QQ̄ operator

Γ[x , x ′;C ] = Q̄(x ′)U(x ′, x ;C )Q(x)

U(x ′, x ;C ) = exp

(
ig

∫ x ′

x

λa

2
Aa
µ(z)dzµ

)

I Overlap between the QQ̄ state at t = 0 and the QQ̄ state at
t = T with a complete set of energy eigenstates

Ω(T , r) =
∑
|〈0|Γ†[(0,~0), (0, ~r);C ]Γ[(t,~0), (t, ~r);C ]|n〉|2e−EnT

I For large T , the smallest En will dominate and it correspond
to the potential energy of the QQ̄ system separated by
distance r

lim
T→∞

Ω(T , r) ∼ e−V (r)T



Color states

Due to SU(3) there are two kind of color states: octet and singlet

Color factor c =




−4

3 for color singlet state

+ 1
6 for color octet state



The general picture of the model

I The partition function for the heavy quarks and gluons

Zfull = ZQ [quark sources]Zg [gluon sources]

I The correlator corresponding to Wilson loop

〈0|TQ̄†Q†QQ̄|0〉 = SQSQ̄Z [j ]

∣∣∣∣
all sources=0

I The lowest energy state is in Instanton Liquid, thus we need
to rewrite the correlator including instantons.



The Pobylitsa Equation

The heavy quark propagator in the instanton media

S̄ =

〈(
S−1

0 −
∑

I

ÂI

)−1〉

Introducing single instanton propagator SI = (S−1
0 − ÂI )

−1 the full
propagator can be expanded in powers of AI

S̄ − S0 =
∑

I

(SI − S0) +
∑

I 6=J

(SI − S0)S−1
0 (SJ − S0) + ...

S̄ − S0 =
∑

I I +
∑

I 6=J I J

+
∑

I 6=J 6=K I J K +
∑

I 6=J I J I +
∑

I 6=J 6=K 6=L I J K L

+
∑

I 6=J 6=K 6=L

[
I J K I + I J K J + I J I K

+ I J I K I

]
+
∑

I 6=J I J I J + · · ·

= S−10 I = SI − S0



I At large Nc the planar graphs dominate

I Average over all other instantons can be summed up

= +

+ + + · · · = S−1
0 S̄S−1

0 − S−1
0

= 1+ + +

+ + · · · = S−1
0 S̄

I Skeleton expansion of averaged full propagator

S̄ − S0 =
∑

I { I + I I + I I I + · · · }



I The averaged propagator for N/2 instantons and N/2
anti-instantons in 4-dim. volume

S̄−1 − S−1
0 =

N

2

〈
S̄ − Â−1

I

〉
+

N

2

〈
S̄ − Â−1

Ī

〉

I Averaging over zI – 〈· · · 〉zI = V−1
∫
d4zI · · ·

I Averaging over orientation – 〈· · · 〉UI
= N−1

c Trcolour (· · · )
I Rhs S̄ can be replaced by S0, because ρ̄4N

VNc
' 0.004

I (S0 − Â−1)−1 = −S−1
0 (S± − S0)S−1

0 , (+ for I , − for Ī )

I Pobylitsa Equation

S̄−1 = S−1
0 − N

2VNc

∑

±
Trc

∫
d4zIS

−1
0 (S± − S0)S−1

0 + O((
N

VNc
)2).

[P. V. Pobylitsa, Phys. Lett. B226]



The instanton induced static QQ̄ potential without gluon
exchange

I The correlator
SQSQ̄ ∼

〈
(S−1

0 −∑I AI )
−1 ⊗ (S−1

0 −∑I AI )
−1,T

〉

I The static potential

V (r) =
4πρ3

NCR4
I

(
r

ρ

)

where I (x) is a dimensionless integral
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[U. Yakhshiev et al. ArXiv:1602.06074v5]



Extended form of Pobylitsa Equation

The general field can be decomposed as a sum of instantons
ensemble

∑
I AµI and a small fluctuations aµ

Atot =
∑

I

AI + a, DAtot = DξDa

The action is

S(A) =
1

4

∫
d4x(F a

µν)2 =
8π2

g2
+

∫
d4xDµFµνaν+

∫
d4x aµWµνaν+O(a3)

The partition function with the normalization Z [0] = 1 and current
j of the small fluctuations

Z [j ] =

∫
Dξ exp

(
−g2

2
jµSµν jν

)
, dξi = V−1d4zidUi



Extended form of Pobylitsa Equation

I The gluon propagator in lowest on density approximation

Sρν(ξ)− S0
ρν =

∑

i

(S i
ρν(ξi )− S0

ρν) + O(N2)

I The partition function changes as

Z [j ] =

∫
exp

(
−g2

2
(jS0j)

)∏

i

exp

(
−g2

2
(j(S i − S0)j)

)
dξi

I Averaged heavy quark propagator with gluon fluctuations a

w =

{∫ (
θ−1 +

δ

δj
−
∑

i

Ai

)−1

× exp

(
−g2

2
(jS0j)

)∏

i

exp

(
−g2

2
(j(S i − S0)j)

)
dξi

}

j=0



Extended form of Pobylitsa Equation

w−1 =

{
w−1

0 [
δ

δj
]Z [j ]

− N

2V

∑

±

∫
dξ±w

−1
0 [

δ

δj
]

(
w± − w0[

δ

δj
]

)

× w−1
0 [

δ

δj
] exp(−g2

2
(jS±j))

}

j=0

where

I w0[ δδj ] =
(
θ−1 + δ

δj

)−1
– ”free” propagator

I w±[ δδj ] =
(
θ−1 + δ

δj − A±
)−1

– single (anti-)instanton(±)
propagator



One gluon exchange potential

I Pobylitsa Eq. for 4-point correlator in leading order to
instantons density N/V

W−1
0 =

{(
w

(1)
0 [

δ

δj (1)
]−1 ⊗ w

(2)
0 [

δ

δj (2)
]−1,T

)
Z [j ]

}

j=0

= θ−1 ⊗ θ−1 + g2

∫
DξS44(ξ, r)

I One gluon exchange potential of the QQ̄ system

V1gl = cg2S̄44(r)

(~x2;
−T
2 ) (~x2;

+T
2 )

(~x1;
−T
2 ) (~x1;

+T
2 )L1

L2

r

T



The momentum dependent effective gluon mass

I The gluon propagator averaged over instantons collective
coordinates

S̄ρν = S0
ρν + N(S̄ I

ρν − S0
ρν) ∼ δµν/(q2 + M2

g (q))

I Effective gluon mass

Mg (q) =

(
24π2ρ2

(N2
C − 1)R4

)1/2

qρK1(qρ)



Figure of Mass
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Figure: Dynamical effective gluon mass



The one-gluon exchange potential in coordinate
representation

V (r) = −4αs

3

{
1

r
− 2

πρ
I

(
r

ρ

)}

where I (x) – dimensionless integral with asymtotics

lim
x→0

I (x) = const, lim
x→∞

=
π

2x

The asymtotics of the potential

V (r → 0) −→ −4αs

3r
+ const

V (r →∞) −→ 0



The phenomenology of
heavy quarks



The QQ̄ potential ingredients

VQQ̄(r) = VConf.(r) +VCuolomb(r) +Vdir.ins.(r) +V1gl(r) +VSD(r)

One gluon

Direct instanton
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How to find spin dependent parts of the potential

I Make Foldy-Wouthuysen transformation – series expansion
over m−1

Q

I The potential can be described as

Vfull = VC + c1VV + c2VLS + c3VSS + c4VT

I Also can be obtained by Breit Equation

VSD(r) =(~L~S)

VLS (r)︷ ︸︸ ︷
3

2m2

1

r

dVc(r)

dr
+

(
~S2 − 3

2

)
VSS (r)︷ ︸︸ ︷

1

3m2
∆Vc(r)

+

(
~S2 − 3(~S~r)(~S~r)

r2

)
1

6m2

[
d2

dr2
− 1

r

d

dr

]
Vc(r)

︸ ︷︷ ︸
VT (r)



Comparison of previous results



Thanks for attention!!!


