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INTRODUCTION

Sub-eV active neutrino mass

Seesaw mechanism 

processes  &  0-nu-Beta-Beta
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𝛥𝛥𝛥𝛥 = 2



(sub-eV active) neutrinos have mass
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How to give neutrinos mass?
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How to give neutrinos (very small) mass ?
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[PM,PLB67(1977)421]



Looking for Majorana neutrinos via            processes  (1) 
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Looking for Majorana neutrinos via            processes  (2) 
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𝛥𝛥𝛥𝛥 = 2
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Neutrino-less double-beta decay             (1) 
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0𝜈𝜈𝜈𝜈𝜈𝜈
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Lepton Number Violation (LNV)
 not allowed within SM

Doubly weak charged current process



Neutrino-less double-beta decay             (2) 
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0𝜈𝜈𝜈𝜈𝜈𝜈
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Neutrino-less double-beta decay             (3) 
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Looking for Majorana neutrinos via            processes (1) 
(Rare meson decays for massive sterile neutrinos)
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𝛥𝛥𝛥𝛥 = 2

6/30/2022



Looking for Majorana neutrinos via            processes (2)
(tau lepton decays & pion decays)
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𝛥𝛥𝛥𝛥 = 2
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Looking for Majorana neutrinos via            processes (3)
(Collider searches at LHC)
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𝛥𝛥𝛥𝛥 = 2
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Looking for eV-scale sterile neutrino, not via Oscillation
(compared to LSND, miniBoone, …. searches light neutrino via neutrino Oscillation)

Is nu Dirac or Majorana? 156/30/2022



PRELUDE
Neutrino Casimir Force

Fermi-Dirac Statistics  for Fermion (nu)
practical Dirac-Majorana Confusion Theorem (DMCT)



Neutrino-less Double Beta Decay 0nuBB (          process )
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𝛥𝛥𝛥𝛥 = 2

Lepton Number Violation (LNV)
 not allowed within SM

Possibility of very small mass(                  )
May fail to observe !!

𝑚𝑚𝜈𝜈𝑒𝑒 ∼ 𝑚𝑚𝛽𝛽𝛽𝛽



Alternative to 0nuBB  (1) – Neutrino Casimir force
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Principle: Exchange of pair of neutrinos can give rise to long-range 
quantum force (aka neutrino Casimir force or the neutrino exchange force) 
between macroscopic objects, and the effective potential can differentiate 
Dirac and Majorana neutrinos.

Issue:  The potential (and hence the force) is 
proportional to product of the tiny neutrino masses
in the loop.

** thermal fluctuation, van der Waals force

Status:  Experimental study is still awaited.

G Feinberg, J Sucher, PRD166(1968)
X Xu, B Yu, 2112.03060



Alternative to 0nuBB  (2) – Quantum Statistics
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Allowed within SM



practical Dirac-Majorana Confusion Theorem  (1)
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Consider the SM allowed decay, e.g.

Amplitude for Dirac case

For Majorana case

Difference between D and M

required to know 4-momenta 
of            and         ,  to be useful

6/30/2022

𝑝𝑝1 𝑝𝑝2



Dirac-Majorana Confusion Theorem  (2) 
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Interference term

In general
(useful if              and/or                   

are known)

However, after integration
(required if momenta           and

are  unobservable)

6/30/2022

𝑝𝑝2
𝑝𝑝1

𝑝𝑝2𝑝𝑝1 ( = ,  only for very special BSM case)



Different distribution, but the same total rate (DMCT)
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D=in general, no reason to be symmetric

M=always, must be symmetric
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Dirac-Majorana Confusion Theorem  (3) 
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Therefore,
(if momenta         and        are 

unobservable)

In general,

6/30/2022

𝑝𝑝1 𝑝𝑝2

Weak neutral current process in SM



History trying to overcome DMCT, but only confirming
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[B Kayser, PRD26(1982)]

[RE Shrock, eConf(1982)]

[E Ma, JT Pantaleone, PRD40(1989)]

[JF Nieves, PB Pal, PRD32(1985)] **

[T Chabra, PR Babu, PRD46(1992)] **

[Y Yoshimura, PRD75(2007)], ….

[JM Berryman etal, PRD98(2018)]

𝛾𝛾 → 𝜈𝜈𝜈𝜈
_

𝑍𝑍 → 𝜈𝜈𝜈𝜈
_

𝑒𝑒+𝑒𝑒− → 𝜈𝜈𝜈𝜈
_

𝐾𝐾+ → 𝜋𝜋+𝜈𝜈𝜈𝜈
_

𝑒𝑒+𝑒𝑒− → 𝜈𝜈𝜈𝜈
_
𝛾𝛾

𝑒𝑒𝑒𝑒 >→ 𝑔𝑔𝑒𝑒 > +𝛾𝛾𝜈𝜈𝜈𝜈
_

𝑒𝑒−𝛾𝛾 → 𝑒𝑒−𝜈𝜈𝜈𝜈
_

6/30/2022

**   All practically impossible to measure momenta of nu-nubar  Need integrate out    pDMCT

*
All for weak neutral current process in SM
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**[2]

**[1]

**[0]

[0] B.Kayser,PRD26(1982)
[1] S.P.Rosen,PRL48(1982); CSK,etal. (2022)
[2] T.Chabra,PR.Babu,PRD46(1992)



another Comment on pDMCT

Is nu Dirac or Majorana? 26

** Is there smooth transition between Majorana to Dirac neutrinos under m 0 limit  ??

(a) When m = 0 both Dirac and Majorana neutrinos can be described as Weyl fermions. The reduction of
neutrino degrees of freedom from 4 to 2 for m = 0 is a discrete jump, and not a continuous change. So the
massless neutrino is an entirely different species than a massive one even with extremely tiny mass.

(b) Dirac neutrino and antineutrino are fully distinguishable, while Majorana neutrino and antineutrino are
quantum mechanically indistinguishable. There is no smooth limit that takes indistinguishable particles and
makes them distinguishable. There is no intermediate state between distinguishable and indistinguishable
particles.

(c) Majorana neutrino and antineutrino pair have to obey Fermi-Dirac statistics while Dirac neutrino and
antineutrino pair do not. We emphasize that statistics of particles does not depend on a parameter like mass.

6/30/2022



BACK-TO-BACK muons  (ie.  B2B               ) 
- experimentally observable

exception to DMCT 

Thought experiment, exception to DMCT

Back-to-back   muons   (ie. B2B               )

Helicity consideration

Is nu Dirac or Majorana? 27

𝜈𝜈 − 𝜈𝜈
_

𝜈𝜈 − 𝜈𝜈
_

6/30/2022



Study on                                                
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Doubly weak charged current process in SM



Thought experiment, exception to DMCT 
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At a special case when nu and nu-bar are collinear,          =       .

For Majorana case (Anti-symmetrization of nu-nubar) :

For Dirac Case :                                                     in general

not

THEREFORE,   in collinear case                                                                   not

CONSIDER  the  SM  allowed  decay

6/30/2022

𝑝𝑝1 𝑝𝑝2



Back-to-back muons, (easily measurable exception to DMCT) 
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In the rest frame of parent B meson,
IF  muon- and muon+ are back-to back, ie. flying with 3 momenta of equal magnitude but opposite direction
 nu and nu-bar also back-to-back

 All kinematic variables are calculable or measurable ,

Only  the  angle   (between                    and                     )
UNKNOWN



𝜇𝜇− − 𝜇𝜇+𝜈𝜈 − 𝜈𝜈
_

Need not integrate out nu-nubar full phase space,
only  unmeasurable angle (       ) integrate out    Overcoming DMCT constraint

6/30/2022

𝐸𝐸1 = 𝐸𝐸2 = 𝐸𝐸𝜈𝜈 = ⁄𝑚𝑚𝐵𝐵 2 − 𝐸𝐸𝜇𝜇
𝑚𝑚𝜈𝜈𝜈𝜈
2 = 4𝐸𝐸𝜈𝜈2

𝑚𝑚𝜇𝜇𝜇𝜇
2 = (𝑚𝑚𝐵𝐵 − 2𝐸𝐸𝜈𝜈)2

𝑌𝑌𝑚𝑚 = ⁄𝑚𝑚𝐵𝐵 2 − 𝐸𝐸𝜈𝜈 2 − 𝑚𝑚𝜇𝜇
2

𝑌𝑌𝑛𝑛 = 𝐸𝐸𝜈𝜈2 − 𝑚𝑚𝜈𝜈
2

𝒅𝒅𝒅𝒅
𝒅𝒅𝑬𝑬𝝁𝝁𝟐𝟐𝒅𝒅𝐬𝐬𝐬𝐬𝐬𝐬𝜽𝜽

𝜃𝜃

𝑑𝑑𝑑𝑑
𝑑𝑑𝐸𝐸𝜈𝜈2𝑑𝑑sin𝜃𝜃



**   Helicity & Chirality
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𝑚𝑚𝜈𝜈

2𝐸𝐸𝜈𝜈
_ ≈ 0

𝑚𝑚𝜇𝜇

2𝐸𝐸𝜇𝜇
_ ∼ 0.04

** Compare to
to test parity violation & CP conservation

𝜋𝜋± → 𝜇𝜇±𝜈𝜈



Helicity Configuration of  back-to-back muons
in rest frame of  B in decay                                           (1) 
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Helicity Configuration of  back-to-back muons
in rest frame of  B in decay                                           (2)
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** Presently nu nu-bar totally missing,  the angle         is  completely unknown,
therefore,  need to integrate out.         BR(M)  >>   BR(D)

𝜃𝜃



Detailed study of                                          -- B2B muons  

Is nu Dirac or Majorana? 346/30/2022

(Comments  on  Measurement  of  angular  distribution)

𝜃𝜃 = angle between (mu mu - nu nu)     angle between (          and         )𝜇𝜇+ 𝜈𝜈
_

** Presently nu nu-bar totally missing

With futuristic detector (ie. neutrino near detector),            from           and            from              can be detected !

(i) Assuming Dirac neutrino,                                ,    the angle                 uniquely decided 

(ii)    Assuming Majorana neutrino,                            ,   the angle not uniquely decided    need symmetrized

𝜈𝜈 ≠ 𝜈𝜈
_

𝜃𝜃

𝜈𝜈 ≡ 𝜈𝜈
_

𝜈𝜈 𝜇𝜇− 𝜈𝜈
_ 𝜇𝜇+



DETAILED ANALYSIS & DISCUSSION ON B2B MUONS

Detailed study of                                                                    .

Detailed study of                                                                   on        w/  B2B muons

Discussions on                                                                 .              w/  B2B muons

[CSK,MM,DS, arXiv://2106.11785 (PRD, in press)]



Detailed study of                                                (1)  
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Doubly weak charged current process in SM



Detailed study of                                                (1)                                                
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Doubly weak charged current process in SM



Detailed study of                                                (2)  
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Detailed study of                                                (3)  
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After integrating out unobservable neutrino phase space

6/30/2022

(confirming pDMCT)



Detailed study of                                                (3-1)
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(in case neutrinos unobservable)



Detailed study of                                                (3-2) 
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Detailed study of                                          -- B2B muons (1)  

Is nu Dirac or Majorana? 42

Kinematics of back-to-back muons  at B-rest frame        (ie.   B2B nu-nubar)

**           = angle between (mu mu - nu nu)

𝐸𝐸1 = 𝐸𝐸2 = 𝐸𝐸𝜈𝜈 = ⁄𝑚𝑚𝐵𝐵 2 − 𝐸𝐸𝜇𝜇
𝑚𝑚𝜈𝜈𝜈𝜈
2 = 4𝐸𝐸𝜈𝜈2

𝑚𝑚𝜇𝜇𝜇𝜇
2 = (𝑚𝑚𝐵𝐵 − 2𝐸𝐸𝜈𝜈)2

𝑌𝑌𝑚𝑚 = ⁄𝑚𝑚𝐵𝐵 2 − 𝐸𝐸𝜈𝜈 2 − 𝑚𝑚𝜇𝜇
2

𝑌𝑌𝑛𝑛 = 𝐸𝐸𝜈𝜈2 − 𝑚𝑚𝜈𝜈
2

cos𝜃𝜃𝑛𝑛 = 0
𝜙𝜙 = 0

𝜃𝜃𝑚𝑚 = ⁄𝜋𝜋 2 − 𝜃𝜃
cos𝜃𝜃𝑚𝑚 = sin𝜃𝜃

𝜃𝜃

6/30/2022

 Only                               are independent variable         𝑬𝑬𝝁𝝁 𝐬𝐬𝐬𝐬𝐬𝐬𝜽𝜽
𝒅𝒅𝒅𝒅

𝒅𝒅𝑬𝑬𝝁𝝁𝟐𝟐𝒅𝒅𝐬𝐬𝐬𝐬𝐬𝐬𝜽𝜽



Detailed study of                                          -- B2B muons (1-1) 
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≠∝ 𝒎𝒎𝝂𝝂
𝟐𝟐



Detailed study of                                          -- B2B muons (2)  
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Consider a simple case for numerical purpose only:
(1) neglect muon & neutrino mass   we consider only non-resonant contributions
(2) consider only dominant form factor,     (   ((                                                  ) 
(3) assume the form factor to be a constant          

(4) approximate 

6/30/2022

𝐸𝐸𝜇𝜇 ≈ 𝐾𝐾𝜇𝜇



Detailed study of                                          -- B2B muons (3)  
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Detailed study of                                          -- B2B muons (4)  
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** Presently nu nu-bar totally missing,  the angle         is  completely unknown,
therefore,  need to integrate out.         BR(M)  >>   BR(D)

𝜃𝜃



Detailed study of                                          -- B2B muons (5)  
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Integrating over currently unobservable angle          ,   we get 𝜃𝜃

6/30/2022

**                                                   
due to very  restricted  phase  space of B2B muons 

�𝐵𝐵𝐵𝐵 𝐷𝐷 −𝑀𝑀 = ��𝐷𝐷↔ −𝑀𝑀↔ ≠ 𝑚𝑚𝜈𝜈
2



Discussions on                                          -- B2B muons (1)  
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(1) Branching ratio of B2B muons

(2) Adding                                                                                           increasing BR four-fold

(3) Futuristic detectors, e.g. FASER, MATHUSLA, SHiP, GAZELLA,  could enable 
to probe the angular distribution ,

(4) Bg processes, B2B muons + “missing momentum”  
small due to additional vertices, phase space suppression

(5)   Many similar processes, 𝐻𝐻 → 𝜇𝜇+𝜇𝜇−𝜈𝜈𝜇𝜇𝜈𝜈𝜇𝜇
_

,𝐷𝐷 → 𝜇𝜇+𝜇𝜇−𝜈𝜈𝜇𝜇𝜈𝜈𝜇𝜇
_

, ⁄𝐽𝐽 𝜓𝜓 → 𝜇𝜇+𝜇𝜇−𝜈𝜈𝜇𝜇𝜈𝜈𝜇𝜇
_

𝜓𝜓 2𝑆𝑆 → 𝜋𝜋+𝜋𝜋−𝜈𝜈𝜏𝜏𝜈𝜈𝜏𝜏
_

,𝐾𝐾0 → 𝜇𝜇+𝜇𝜇−𝜈𝜈𝜇𝜇𝜈𝜈𝜇𝜇
_

, . .

𝐷𝐷 ∝ 1 − cos𝜃𝜃 2,𝑀𝑀 ∝ 1 + cos𝜃𝜃2

6/30/2022

(only w/ non-resonant contributions)



Discussions on                                          -- B2B muons (2)  
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Further Discussions:

(1) Discussion on Form Factor

(2) On Collinear case :                                                              [missing mass^2=0, measurable]

(3) On pDMCT

(4) On neutrino mass generation mechanism, scale dependence, mixing matrix (PMNS),
any symmetry on phase space, … 

(5) On non-zero nu mass, Helicity-Chirality, Weyl-Dirac-Majorana, …

6/30/2022

𝑝𝑝1=𝑝𝑝2 ,𝑚𝑚𝜈𝜈𝜈𝜈
2 = 4𝑚𝑚𝜈𝜈

2 ≈ 0



Comments on New physics effects to  pDMCT
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In general,                                                   (e.g. SM  z-> nu nu-bar)

Special cases



SUMMARY
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Conclusion

Acknowledgements
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Conclusion
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(1) We consider the B decay,                                 ,  implementing the Fermi-Dirac  statistics
to find the difference between Dirac and Majorana neutrino,  and to test the practical
Dirac-Majorana Confusion Theorem.

(2) If we consider the special kinematic configuration of back-to-back muons
in the B rest frame, there exists striking difference between D and M cases,          
which do not depend on neutrino mass, hence, overcoming pDMCT.

(3) We give full details of analysis, including resonant and non-resonant 
contributions, tiny neutrino mass dependence, helicity consideration, etc, 
also confirming pDMC if we integrate out full nu nu-bar phase space.

(4) Finally, we give similar decay examples, such as Higgs, K, D, J/psi, etc.

𝐵𝐵0 → 𝜇𝜇−𝜇𝜇+𝜈𝜈𝜇𝜇𝜈𝜈
_
𝜇𝜇

6/30/2022



Conclusion – Final Comment
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**  The neutrino-less double beta decay (NDBD) has a 
limitation that it is dependent on the unknown tiny mass of 
the neutrino. If it is too small there is no possibility of 
establishing the nature of the neutrino through NDBD. Our 
proposals are the only viable alternatives to NDBD as far as 
probing Majorana nature of sub-eV active neutrinos is 
concerned.

6/30/2022
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**[2]

**[1]

**[0]

[0] B.Kayser,PRD26(1982)
[1] S.P.Rosen,PRL48(1982); CSK,etal. (2022)
[2] T.Chabra,PR.Babu,PRD46(1992)



Conclusion – Another Final Comment
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** 1. Practical Dirac Majorana confusion theorem: It is believed to suggest that all 
difference between Dirac and Majorana neutrinos must be proportional to some power of 
neutrino mass (          ). 

Truth: (a) There is no model-independent, process-independent and observable-
independent proof of this so-called “theorem”. All processes where it was shown to hold 
involved full integration over the 4-momenta of missing neutrinos. 

(b) Our manuscript is a testament to the fact that this “theorem” can be overcome, if 
energy and/or momentum of neutrino can be inferred or measured. The interesting 
question is to find out a way to realize this, which we do by measuring muon energy in the 
back-to-back muons configuration in the        rest frame,                                     .

6/30/2022

𝑚𝑚𝜈𝜈

𝐸𝐸𝜈𝜈 = ⁄𝑚𝑚𝐵𝐵 2 − 𝐸𝐸𝜇𝜇𝐵𝐵



Conclusion – Another Final Comment
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** 2. Massless neutrino limit: It is believed that there should be smooth transition 
between Majorana and Dirac neutrinos under                     limit. 

Truth: (a) Dirac neutrino and antineutrino are fully distinguishable, while Majorana 
neutrino and antineutrino are quantum mechanically indistinguishable. There is no 
smooth limit that takes indistinguishable particles and makes them distinguishable. There 
is no intermediate state between distinguishable and indistinguishable particles. 
(b) The reduction of neutrino degrees of freedom from 4 to 2 for                 is a discrete jump, 
and not a continuous change. So the massless neutrino is an entirely different species 
than the massive one even with extremely tiny mass. Therefore, the presumed smooth 
transitional difference between Majorana and Dirac neutrinos at                      is only a 
misperception. 
(c) Majorana neutrino and antineutrino pair have to obey Fermi-Dirac statistics while Dirac 
neutrino and antineutrino pair do not. We emphasize that statistics of particles does not 
depend on a parameter like mass, but its spin.
6/30/2022

𝑚𝑚𝜈𝜈 → 0

𝑚𝑚𝜈𝜈 → 0

𝑚𝑚𝜈𝜈 → 0
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Back-up (Details)
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Helicity & Chirality

Helicity configuration of back-to-back muons

Detailed study of   

Back-to-back muons in B-rest frame

6/30/2022



Helicity & Chirality
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Helicity & Chirality
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Helicity & Chirality
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Helicity & Chirality
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Helicity & Chirality
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Helicity & Chirality
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Helicity & Chirality
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Helicity & Chirality
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Helicity Configuration of  back-to-back muons
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Helicity-flip  (X)

Momenta exchange  (O)



Detailed study of  
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Detailed study of  
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Detailed study of                                             of w/ B2B muons 
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